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Abstract: In this paper, we employ the new thermodynamic geometry formalism (NTG)
[1] to investigate phase transitions and critical behaviors of four dimensional Gauss Bonnet
black hole. In this regard, the extrinsic and intrinsic curvatures of a certain hypersurface
in thermodynamic manifold present useful information about stability/instability of the heat
capacities. In extended phase space, through sitting on the Q-zero hypersurface, we calculate
the intrinsic curvature for 4D neutral Gauss Bonnet black hole. More importantly, there is a
positive intrinsic curvature near the region 0 < v < 2, which indicates a repulsive interaction
among the microstructure of the black hole system. This is in contrast to the five dimensional
(uncharged) case where the attractive interaction is dominant in the microstructure of the
black hole system.
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1 Introduction
The study of thermodynamic properties of black holes in anti-de Sitter (AdS) space have
gained significant importance due to the gauge/gravity duality [2]. This duality establishes a
relationship between gravitational theories on the bulk of AdS spacetime and a quantum field
theory which lives on the boundary of that AdS spacetime. In addition, the critical behaviors
of charged AdS black holes in the extended phase space, where the cosmological constant
treats as the thermodynamic pressure and its conjugate quantity as a thermodynamic volume
of the balck hole, and its similarty with the Van der Waals (VdW) liquid-gas phase transition
have been studied in [3–5].
Over the past years, some attempts have also been made to investigate thermodynamic
systems by means of geometric methods [6–17]. In particular, the Riemann scalar curva-
ture associated with these geometries can provide useful information about black hole phase
transitions. The history of the study of thermodynamic geometry began with the seminal
paper of Weinhold [6], who introduced, in the seventies, the phase thermodynamic space and
had developed a geometric description of the equilibrium space of thermody- namic system.
Motivated by this Ruppeiner [7, 8], considering the fluctuation theory of equilibrium states,
proposed a different metric structure for the equilibrium space. More precisely, Weinhold’s
metric components are those of the Hessian of the internal energy function, whereas Rup-
peiner’s metric elements are defined by the Hessian matrix of the entropy. It turns out that
the line elements of the Weinhold and Ruppeiner geometries are conformally related to each
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other. These geometries had done by using the curvature of the Riemannian manifold, rep-
resenting the equilibrium space of thermodynamic system, to find a direct correspondence
between divergences of the curvature and phase transitions. But, in some contradictory ex-
amples [11, 18], these metrics fail to explain this relation. Recently, we proposed a new
formulation of the Ruppeiner’s metric, developed from considerations about the thermody-
namic potentials related to the mass (instead of the entropy) by Legendre transformations
[1, 9, 20, 21]. This new formalism of thermodynamic geometry (NTG) represents a one-to-one
correspondence between the divergences of the heat capacities and curvature singularities. In
Ref. [1] we have shown that the geometrothermodynamics (GTD) [14] can be constructed by
an explicit conformal transformation, which is singular at unphysical points were generated
in GTD metric, from NTG geometry.
In Refs. [22, 23] authors have also introduced a general Ruppeiner geometry, starting the
Boltzmann entropy formula, to study the AdS black hole microstructure. In this formalism,
the fluctuation coordinates are taken as the temperature and volume in extended phase space.
When this metric is applied to the van der Waals fluid only a dominant attractive interaction
was observed, while for the RN AdS black hole, in a small parameter range, the repulsive
interaction is also found in addition to the dominant attractive interaction between the black
hole molecules. This approach has been extended to other black hole systems [24–30]. It is
interesting that this formalism can be reproduced in NTG geometry by a choice of the free
energy potential in the coordinate of the temperature and the volume.
Recently, Glavan and Lin have proposed a novel Einstein-Gauss-Bonnet (EGB) by start-
ing from a D-dimensional spacetime, rescaling the Gauss-Bonnet coupling α by a factor of
1/(D − 4), and then taking the limit D → 4, the Gauss-Bonnet term gives rise to non-trivial
contributions to gravitational dynamics in four dimensions spacetime [31]. From the Lovelock’s
theorem, however, we know that Gauss-Bonnet term does not contribute to the equations of
motion. Therefore, the model would violate at least one of the Lovelock conditions. As ex-
pected, some of the subtleties of this model appeared very soon [32–38]. For example, in [32]
it was demonstrated that the novel 4D EGB gravity does not admit a description in terms of
a covariantly-conserved rank-2 tensor in four dimensions, because one part of the GB tensor
always remains higher dimensional, while [35, 36] focused on more complicated solutions such
as Taub-NUT solutions, showing the naive limit of the higher-dimensional theory to D = 4
is not well defined. However, these issues can be circumvented by considering regularized
versions of 4D EGB gravity [35, 39, 40]. In Ref. [39], the authors used a Kaluza-Klein-like
procedure to generate a four-dimensional limit of Gauss-Bonnet gravity by compactifying D
dimensional EGB gravity on D− 4 dimensional maximally symmetric space, followed by tak-
ing the limit where the dimension of this space vanishes. Moreover, in [35, 40] proposed a
well defined 4D EGB gravity by generalizing a method employed by Mann and Ross to obtain
a limit of the Einstein gravity in D = 2 dimensions [41]. The resulting theories possesses
an additional scalar degree of freedom and are a special case of Horndeski theory [42]. The
recent paper [43], however, clarified the situation by taking the limit at the nonlinear level.
They have shown that the limit either breaks a part of diffeomorphism or leads to extra de-
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grees of freedom. This conclusion is in agreement with the Lovelock’s theorem ans also it is
in agreement with the conclusions of the above mentioned papers. The authors in [43] went
further and formulated a consistent theory with two degrees of freedom by breaking the time
diffeomorphism. They then have shown that the cosmological and black hole solution (with
which we are interested in this paper) are also solutions of that consistent theory. The sta-
bility and shadow of this black hole and quasinormal modes of a scalar, electromagnetic, and
gravitational perturbations have been studied in [44]. However, it is not clear whether the
analysis of quasinormal modes based on [31] will be in agreement with the consistent theory
defined in [43]. For instance, in [45] it is shown that tensor perturbations at the second order
of perturbations are ill-defined for [31] while it will be not the case for the consistent model
investigated in [43] at the nonlinear level.
Moreover, the geodesic motions in the background of the spherically symmetric black hole
by focusing on the innermost stable circular orbits has been reported in [46]. The solutions of
charged black hole [47] and a rotating analogy of this black hole using Newman-Janis algorithm
[48] have been also investigated.
In Refs. [48, 49] one can find the possible range of GB coupling parameter by modelling
theM87∗ as the rotating 4D GB black hole. Moreover, the thermodynamics of asymptotically
AdS black hole in the four dimensional Einstein-Gauss-Bonnet theory has been reported in
[50]. From isotherms in P −V diagram, Gibbs free energy and specific heat plots, the authors
found that both charged and neutral cases of the 4D GB black hole exhibits a phase transition
similar to that of van der Waals system [50]. Moreover, thermodynamics and P −V criticality
of Bardeen-AdS Black Hole in 4D Einstein-Gauss-Bonnet Gravity has been obtained in [51].
So for, thermodynamic geometry have not been studied in 4D Einstein Gauss-Bonnet models,
which is the aim of this paper.
The organization of this paper is as follows. In Section 2, we review the new formalism of
thermodynamic geometry (NTG). We further investigate NGTmetrics on all thermodynamical
potentials generated by Legendre transformations and investigate correspondence between
curvature singularities and phase transitions. In Section 3 we study the phase transitions of
4D charged GB black hole by making use of the NTG formalism on certain hypersurface.
In Section 4, we first briefly discuss about some thermodynamical properties for this novel
Black hole and then apply the NTG formalism to the extended phase space. This allow us to
study the critical behaviours and microstructures of the black hole via extrinsic and intrinsic
curvatures. Final remarks are presented in Section 5. Furthermore, the phase transition
behavior of some specific heats has been brought in appendix B.
2 The New formalism of Thermodynamic geometry
In thermodynamic geometry, it is important to construct an appropriate metric which ex-
plains the one-to-one correspondence between phase transitions and singularities of the scalar
curvature. In Ref. [1] we have introduced a new formalism of the thermodynamic geometry
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(NTG) which confirms this correspondence. The NTG geometry is defined by
dl2NTG =
1
T
(
ηji
∂2Ξ
∂Xj∂X l
dXidX l
)
(2.1)
where ηji = diag(−1, 1, ..., 1) and Ξ is the thermodynamic potential and Xi can be intensive
and extensive variables [1]. In two dimensional equilibrium state space with first law of ther-
modynamics, dM = TdS + ΦdQ, it is straightforward to verify that, by taking Ξ = M(S,Q)
and Xi = (S,Q), the curvature singularities correspond precisely to the phase transitions
of CQ. Moreover, as one selects the thermodynamical potential by Legendre transformation
Ξ = H(S,Φ) = M − ΦQ, the totality of curvature singularities of the NTG metric is exactly
the same as the totality of phase transitions for CΦ. It seems natural to consider NTG met-
rics generated by all thermodynamical potentials produced by Legendre transformations. By
using Legendre transformations, we can introduce a set of new additional thermodynamic po-
tentials that depend on different combinations of extensive and intensive variables. Therefore,
all thermodynamic potentials can be written as
H(S,Φ) = M(S,Q(S,Φ))− ΦQ(S,Φ) (2.2)
F (T,Q) = M(S(T,Q), Q)− TS(T,Q) (2.3)
G(T,Φ) = M(S(T,Φ), Q(T,Φ))− TS(T,Φ)− ΦQ(T,Φ) (2.4)
where H, F , and G are enthalpy, free energy, Gibbs energy, respectively. In following, we
shall demonstrate that the NTG metrics coming from free energy, F and entalpy, H, have the
same singularity as the one associated with the divergence of CΦ. By choosing Ξ = F (T,Q)
with Xi = (T,Q), the NTG metric yields
gNTGF =
1
T
−
(
∂2F
∂T 2
)
0
0
(
∂2F
∂Q2
)
 = 1
T

(
∂S
∂T
)
Q
0
0
(
∂Φ
∂Q
)
T
 (2.5)
here we have used the first law of thermodynamics for free energy, dF = −SdT + ΦdQ. One
can express metric elements in (S,Φ) (it is coordinate of NTG metric associated with entalpy
potential.) coordinate as follows.
gTT =
1
T
(∂S
∂T
)
Q
=
1
T
{S,Q}S,Φ
{T,Q}S,Φ (2.6)
gQQ =
1
T
(∂Φ
∂Q
)
T
=
1
T
{Φ, T}S,Φ
{Q,T}S,Φ = −
1
T
{Φ, T}S,Φ
{T,Q}S,Φ (2.7)
Appx. A can be consulted for a brief introduction to the bracket notation. In (S,Φ) coordinate,
the metric elements must be changed by
gˆ = JT gNTGF J (2.8)
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where JT is the transpose of the Jacobian matrix J which defined as
J =
∂(T,Q)
∂(S,Φ)
=

(
∂T
∂S
)
Φ
(
∂T
∂Φ
)
S(
∂Q
∂S
)
Φ
(
∂Q
∂Φ
)
S
 (2.9)
Under varying coordinates and using Maxwell relation,
(
∂T
∂Φ
)
S
= −
(
∂Q
∂S
)
Φ
, the metric form
(2.5) takes the following form
gˆ =
1
T

(
∂T
∂S
)
Φ
0
0 −
(
∂Q
∂Φ
)
S
 = 1
T

(
∂2H
∂S2
)
0
0
(
∂2H
∂Φ2
)
 = −gNTGH (2.10)
In the last part, we have used the first law of thermodynamic for entalpy potential, i.e.
dH = TdS −QdΦ. Clearly, their associated metrics are negative of each other, i.e.
gNTGH = −JT gNTGF J or dl2(H) = −dl2(F ) (2.11)
Therefore, the singularity of both RF and RH correspondences to the divergence of CΦ. It
worth mentioning that this result is true for any conjugate potential pairs (Ξ,Ξ) which satisfies
the following relation [19].
Ξ + Ξ = 2M − TS −
∑
i
ΦidQi (2.12)
Therefore, for conjugate pair (M,G), one can show that gNTG(M) = −NT gNTGG NT by Jaco-
bian matrix N = ∂(T,Φ)∂(S,Q) . In Table 1, one can see the relation between curvature singularities
and heat capacity phase transition in three dimensional thermodynamic space with the first
law, dM = TdS + ΦdQ + ΩdJ . In the next section, we first apply the NTG metrics to
Thermodynamic potentials Jacobian matrix Heat Capacities
(Ξ,Ξ) gNTGE = −JT gNTGE J C
(M,M − TS −QΦ− ΩJ) ∂(T,Φ,Ω)∂(S,Q,J) CQ,J
(M −QΦ,M − TS − ΩJ) ∂(T,Q,Ω)∂(S,Φ,J) CΦ,J
(M − ΩJ,M − TS −QΦ) ∂(T,Φ,J)∂(S,Q,Ω) CQ,Ω
(M −QΦ− ΩJ,M − TS) ∂(T,Q,J)∂(S,Φ,Ω) CΦ,Ω
Table 1. The relationship between curvature singularities and heat capacity divergences.
– 5 –
study correspondences between curvature singularities and phase transitions for the charged
4D Gauss Bonnet black holes [47]. Then, by taking the cosmological constant as a thermody-
namic pressure and its conjugate quantity as a thermodynamic volume, we reconsider NTG
metrics in order to see the critical behaviour of both neutral and charged 4D GB-AdS black
hole.
3 Intrinsic and extrinsic curvature singularities and phase transition sig-
nals
The action for the Einstein-Maxwell-Gauss-Bonnet gravity theory in 4D reads [47].
S =
1
16pi
∫
dDx
√−g
[
R+
3
l2
+
α
D − 4G − FµνF
µν
]
(3.1)
where l is AdS radius, α is a dimensionless coupling constant and G is the Gauss Bonnet
invariant which defined by
G = R2 − 4RµνRµν +RµνρσRµνρσ (3.2)
and the Maxwell field strength is defined by Fµν = ∂µAν − ∂νAµ with Aµ as the vector
potential. The spherically symmetric solution form its equations of motion, in the limit
D → 4, takes the following form.
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2, (3.3)
f(r) = 1 +
r2
2α
(
1−
√
1 + 4α
(
− 1
l2
+
2M
r3
− Q
2
r4
))
in which Q and M are charge and mass of the black hole [47]. Note that the black-hole metric
(3.3) has been previously obtained in the semi-classical Einstein’s equations with conformal
anomaly [53, 54], in gravity theory with quantum corrections [55], and also recently in the
third order regularized Lovelock gravity [56–59]. The explicit form for M is obtained by using
the condition f(r+) = 0 as
M =
r3+
2l2
+
Q2
2r+
+
α
2r+
+
r+
2
. (3.4)
Entropy for this black hole is also defined by
S = pir2+ + 4pi log(r+) (3.5)
Note that that the entropy has a logarithmic correction term in comparison with RN-AdS
case. Using the first law of thermodynamics, dM = TdS + ΦdQ, the Hawking temperature,
T , the electric potential, Φ, and the specific heat capacity at fixed electric charge, CQ, are
given by
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Figure 1. Left: Graph of the phase transition of CQ (dashed green curve) and the scalar curvature
RNTG(S,Q) (solid blue curve) with respect to entropy, S, with Q = 0.5 for charged GB-AdS black
hole. Right: Graph of the phase transition of CΦ (dashed green curve) and the scalar curvature
RNTG(S,Φ) (solid blue curve) with respect to entropy, S, with Φ = 0.5 for charged GB-AdS black
hole. In both diagrams, we have considered l = 6, and α = 0.2.
T = (
∂M
∂S
)
Q
=
{M,Q}r+,Q
{S,Q}r+,Q
=
3r4+ − l2(Q2 − r2+ + α)
4l2pir+(r2+ + 2α)
(3.6)
Φ = (
∂M
∂Q
)
S
=
{M,S}r+,Q
{Q,S}r+,Q
=
Q
r+
(3.7)
CQ = T (
∂S
∂T
)
Q
= T
{S,Q}r+,Q
{T,Q}r+,Q
=
2pi(r2+ + 2α)
2(3r4+ − l2(Q2 − r2+ + α))
3(r6+ + 6r
4
+α) + l
2(−r4+ + 5r2+α+ 2α2 +Q2(3r2+ + 2α))
(3.8)
Allow us to apply the NTG method to study the critical behaviors of heat capacity CQ. To
do this, one needs to plug the thermodynamic potential Ξ = M(S,Q) with Xi = (S,Q) into
Eq. (2.1), i.e.,
(dlNTG)2 =
1
T
(
−∂
2M
∂S2
dS2 +
∂2M
∂Q2
dQ2
)
(3.9)
and the denominator of RNTG reads
D(RNTG) = pi
(
(r2+ + 2α)
2(3r4+ − l2(Q2 − r2+ − α))
)
×
(
3(r6+ + 6r
4
+α) + l
2(−r4+ + 5r2+α+ 2α2 +Q2(3r2+ + 2α)
)2
(3.10)
It is obvious that the leading term in the denominator is zero only at the extremal limit
(T = 0) which is forbidden by the third law of thermodynamics, while the roots of the second
part give us all the phase transitions of CQ. This result has been illustrated in the left hand
side of Fig. (1). It should be noted that positive regions of heat capacity diagram correspond
to a stable system whereas a negative regions indicate the instability of the system. As
a consequence of the NTG method, the curvature singularities occur exactly at the phase
– 7 –
transitions with no other additional roots. Furthermore, by using Eq. (3.7) for Q, one can
define the heat capacity at fixed electric potential as
CΦ = T
{S,Φ}r+,Φ
{T,Φ}r+,Φ
=
2pi(r2+ + 2α)
2(3r4+ − l2(α+ r2+(−1 + Φ2)))
3(r6+ + 6r
4
+α) + l
2(2α2 + r2+α(5− 2Φ2) + r4+(−1 + Φ2))
(3.11)
Let us construct the NTG metric in this case. Starting from NTG metric (2.1), and considering
Ξ = H(S,Φ) = M(S,Q(S,Φ))−Q(S,Φ)Φ and Xi = (S,Φ), we arrive at
dl2NTG =
1
T
(
− ∂
2H
∂S2
dS2 +
∂2H
∂Φ2
dΦ2
)
(3.12)
Thus the denominator of the scalar curvature is
D(RNTG) = pi(r2+ + 2α)
2(−3r4+ + l2(α+ r2+(−1 + Φ2))) (3.13)
×
(
3(r6+ + 6r
4
+α) + l
2(2α2 + r2+α(5− 2Φ2) + r4+(−1 + Φ2))
)2
It is interesting that the curvature singularities give us the phase transition points of CΦ (See
the right hand side of Fig. (1)). In summary, the NTG geometry can provide a powerful tool
to achieve a one-to-one correspondence between singularities and phase transitions.
Although the thermodynamic geometry curvature determines the phase transition points,
it is not able to explain thermal stability of a thermodynamic system. In Ref. [21] we have
shown that the extrinsic curvature of a certain hypersurface in thermodynamic space contains
useful information about stability of a thermodynamic system. Strictly speaking, the extrinsic
curvature of a cretin hypersurface has the same sign as the heat capacity around the phase
transition points while the intrinsic curvature of this hypersurface is divergent at the critical
points but has no information about the sign of the heat capacity.
Let us briefly review the basic concept of the extrinsic curvature in thermodynamic man-
ifold. For an D-dimensional thermodynamic manifold M with coordinate Xi, a special hy-
persurface Σ embedded in M is defined by surface equation P(Xi) = 0 and the orthogonal
normal vector [52],
nµ =
∂µP√|∂µP∂µP| (3.14)
Therefore, the extrinsic curvature tensor on this hypersurface is written as [21]
K = ∇µnµ = 1√
g
∂µ
(√
gnµ
)
(3.15)
This curvature opens an interesting and impressive avenue to study of thermal phase transition
behavior. In order to see the behavior of CQ around phase transitions, we must restrict
ourselves to live on a constant Q hypersurface with the normal vector nQ = 1√
gNTGQQ
. From
Eq. (3.15), we have
KNTG =
√
r2+ + 2α
(
lQr2+(l
2 + 6r2+)
)(
|pi(3r4+ − l2(Q2 − r2+ + α))|
)− 1
2
3(r6+ + 6r
4
+α) + l
2(−r4+ + 2α(Q2 + α) + r2+(3Q2 + 5α))
(3.16)
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Figure 2. Left: Graph of the phase transition of CQ (dashed green curve) and the scalar curvature
KNTG(S,Q) (solid blue curve) with respect to entropy, S, with Q = 0.5 for charged GB-AdS black
hole. Right: Graph of the phase transition of CΦ (dashed green curve) and the scalar curvature
KNTG(S,Φ) (solid blue curve) with respect to entropy, S, with Φ = 0.5 for charged GB-AdS black
hole. In both diagrams, we have considered l = 6, and α = 0.2.
Clearly, the denominator term indicates the phase transition points and the second term in
numerator is only zero at T = 0. From the left hand side of Fig. 2. one can see that the
extrinsic curvature has the same sign as heat capacity does, while the left hand side of Fig.
1 shows that the scalar curvature does not have the same sign as the heat capacity around
the phase transition points. It means that the extrinsic curvature manifests more information
such as the stability/instability of heat capacity than the Ricci scalar curvature does. It is
surprising that the same result obtains for CΦ when one sits on a constant Φ hypersurface with
unit normal vector nΦ = 1√
gNTGΦΦ
. From Eq. (3.15), the extrinsic curvature is calculated by
KNTG =
(
lr+
√
r2+ + 2α(3r
4
+ + l
2α)Φ
)(
|pi(3r4+ − l2(α+ r2+(Φ2 − 1)))|
)− 1
2
3(r6+ + 6r
4
+α) + l
2(2α2 + r2+α(5− 2Φ2) + r4+(Φ2 − 1))
(3.17)
Clearly, the extrinsic curvature diverges at phase transition points and exhibit a similar be-
havior around the transition points as shown in the right side of Fig. (2).
4 NTG geometry, critical behaviors, and phase transitions in the extend
phase space
In this section, we investigate our formalism of thermodynamic geometry for a charghed GB-
AdS black hole in extended phase space. In extended phase space, the cosmological constant
(or AdS radius) is treated as thermodynamic variable pressure using the relation P = 3
8pil2
[5].
Rewriting the AdS radius l in terms of the pressure P , the first law for the black hole is
dM = TdS + V dP + ΦdQ+Adα (4.1)
where V and A are the thermodynamic quantities conjugating to pressure P , Gauss Bonnet
coupling coefficient α, respectively. According to Eq. (4.1), it is clear that the black hole mass
– 9 –
M should be treated as the enthalpy, i.e., M ≡ H rather than the internal energy E of the
system [5]. By making use of Eq. (3.4) and the first law (4.1), the thermodynamic volume is
obtained by following relation.
V =
(
∂M
∂P
)
S,Q,α
=
4
3
pir3+ =
pi
6
v3 (4.2)
where v = 2r+ denotes the specific volume. Now, one can obtain free energy as follows.
F = E − TS = M − PV − TS = 4Q
2 + v2 − piTv3 + 4α− 16αpiTv ln(v2 )
4v
(4.3)
According to the differential form for free energy, dF = −SdT −PdV + ΦdQ+Adα, we have
S = −
(∂F
∂T
)
V,Q,α
=
pi
4
(
v2 + 16α ln
(v
2
))
(4.4)
P = −
(∂F
∂V
)
T,Q,α
= − 2
piv2
(∂F
∂v
)
T,Q,α
=
2Q2
piv4
− 1
2piv2
+
T
v
+
2α
piv4
+
8Tα
v3
(4.5)
Φ =
(∂F
∂Q
)
T,V,α
=
2Q
v
(4.6)
A =
(∂F
∂α
)
T,V,Q
=
1
v
− 4piT ln
(v
2
)
(4.7)
Note that the form of Eq. (4.5) is reminiscent of the state equation for the Van der Waals
gas. In Ref. [50], it has been shown that there exists a small-large black hole phase transition
of VdW type for 4D GB black hole case via isotherms in P - V diagram. The critical point
can be obtained by solving (∂vP )T = (∂v,vP )T = 0, which gives [50]
Tc =
(
8α+ 3Q2 −
√
48α2 + 9Q4 + 48αQ2
)√
6α+ 3Q2 +
√
48α2 + 9Q4 + 48αQ2
48piα2
(4.8)
vc = 2
(
6α+ 3Q2 +
√
48α2 + 9Q4 + 48αQ2
)1/2
. (4.9)
The signal of a phase transition typically arises when a specific heat capacity changes its
sign, which indicates a change of stability. More precisely, a positive heat capacity implies
the stability of a thermal system whereas a negative heat capacity shows the instability of
the system under small perturbation. Using above equations, the specific heat at constant
pressure is given by
CP,Q,α = T
(∂S
∂T
)
P,Q,α
= T
{S, P,Q, α}T,v,Q,α
{T, P,Q, α}T,v,Q,α =
pi2Tv(v2 + 8α)2
2
(
8Q2 + v2(piTv − 1) + 8α(1 + 3piTv)
)
(4.10)
where stability requires CP,Q,α > 0. Clearly, the specific heat CP,Q,α becomes singular exactly
at the critical point. We here use our formalism of thermodynamic geometry to analysis phase
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transition behaviors of CP,Q,α. By setting the thermodynamic potential by Ξ = H = M =
E + PV 1 with Xi = (S, P,Q, α) in Eq. (2.1), the NTG metric is given by
gNTGH =
1
T

−HSS 0 0 0
0 HPP HPQ HPα
0 HQP HQQ HQα
0 HαP HαQ Hαα

(4.11)
Since all thermodynamic parameters are written as a function of (T, v,Q, α), therefore it is
convenient to rewrite metric elements from coordinate Xi = (S, P,Q, α) to favorite coordinate
(T, v,Q, α). For this purpose, we first need to redefine metric elements as follows,
HSS =
(∂T
∂S
)
P,Q,α
=
{T, P,Q, α}T,v,Q,α
{S, P,Q, α}T,v,Q,α = −
16Q2 − 2v2 + 2piTv3 + 16α+ 48piTvα
pi2v(v2 + 8α)2
HPP =
(∂V
∂P
)
S,Q,α
=
{V, S,Q, α}T,v,Q,α
{P, S,Q, α}T,v,Q,α = 0
HQQ =
(∂Φ
∂Q
)
S,P,α
=
{Φ, S, P, α}T,v,Q,α
{Q,S, P, α}T,v,Q,α =
2
v
Hαα =
(∂A
∂α
)
S,P,Q
=
{A, S, P,Q}T,v,Q,α
{α, S, P,Q}T,v,Q,α (4.12)
= 16 ln
(v
2
)(1 + 4piTv)(v2 + 8α) + 2(8Q2 + v2(−1 + piTv) + 8(1 + 3piTv)) ln(v2)
v(v2 + 8α)2
HPQ = HQP =
(∂V
∂Q
)
S,P,α
=
{V, S, P, α}T,v,Q,α
{Q,S, P, α}T,v,Q,α = 0
HPα = HαP =
(∂A
∂P
)
S,Q,α
=
{A, S,Q, α}T,v,Q,α
{P, S,Q, α}T,v,Q,α = −
4piv3 ln
(
v
2
)
v2 + 8α
HQα = HαQ =
(∂A
∂Q
)
S,P,α
=
{A, S, P, α}T,v,Q,α
{Q,S, P, α}T,v,Q,α =
16Q ln
(
v
2
)
v(v2 + 8α)
Then transferring from the coordinate (S, P,Q, α) to (T, v,Q, α) by below Jacobian matrix,
J =
∂(S, P,Q, α)
∂(T, v,Q, α)
=

0 pi
(
v
2 +
4α
v
)
0 4pi ln
(
v
2
)
v2+8α
v3
−8Q2+v2−piTv3−8α(1+3piTv)
piv5
4Q
piv4
2+8piTv
piv4
0 0 1 0
0 0 0 1

(4.13)
1The conjugate potential, Ξ = E − TS − ΦQ − αA leads to the same result as the one obtained using
entalpy potential.
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the metric elements convert to
gˆ = JT gNTGH J =

0 0 0 −4piT ln
(
v
2
)
0 −8Q2+v2(piTv−1)+8α(1+3piTv)
2Tv3
0 0
0 0 2Tv 0
−4piT ln
(
v
2
)
0 0 0

(4.14)
Thus, the denominator of the scalar curvature is given by
D(RNTG) = pi
(
8Q2 + v2(piTv − 1) + 8α(1 + 3piTv)
)2
ln
(v
2
)2
(4.15)
The scalar curvature and heat capacity CP,Q,α is plotted against the specific volume in Fig. 3.
From it, we can see that for T < Tc there exists two divergent points for CP,Q,α. The stable
phases with positive specific heat happen in the lower volume and higher volume regions,
while the intermediate phase with negative CP,Q,α value is unstable phase. Therefore when the
temperature is smaller than critical value there are three phases possible, i.e., small black hole
(SBH), intermediate black hole (IBH) and large black hole (LBH). By increasing temperature
to T = Tc, these two divergent points get close and coincide at v = vc = 4.079 to form a single
divergence where the unstable region disappears. For T > Tc the heat capacity is always
positive and the divergent point vanishes. It means that the black hole is stable and there
is no phase transition. Moreover, in all diagrams shown in Fig. 3, the scalar curvature is
positive in 0 < v < 2 which implies a repulsive interaction between the microscopic molecules.
In continue, we shall discuss about this region.
Allow us now to analyze the nature of the phase transition through the concept of ther-
modynamic hypersurface in lower dimensions. To do this, we force ourselves to sit down on
the constant Q hypersurface with the orthogonal normal vector,
nQ =
1√
|gQQ| =
√
2
Tv
. (4.16)
Therefore, the extrinsic curvature is given by
KNTG =
4Q
√
2Tv
8Q2 + v2(piTv − 1) + 8α(1 + 3piTv) (4.17)
It is obvious that this curvature diverges at the phase transition point and exhibit a similar
sign behavior around the transition points as illustrated in Fig. 4. Interestingly, for a neutral
GB-AdS black hole case, we need to live on the Q- zero hapersurface. It should be noted that,
within the hypersurface framework, setting Q to zero is equivalent to living on the constant
Q hypersurface (Q- zero hapersurface). By using metric elements in Eq. (4.14), the metric
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Figure 3. Diagram of specific heat (×106) and scalar curvature (×104) versus specific volume v for
4D GB- AdS black hole. Form left to right we consider T = {0.0444, 0.0474, 0.0494} where Tc = 0.0474
for fixed value of electric charge Q = 0.5 and Gauss-Bonnet coupling α = 0.2.
elements induced on this hypersurface are obtained by
gˆin =

0 0 −4piT ln
(
v
2
)
0 −v2(piTv−1)+8α(1+3piTv)
2Tv3
0
−4piT ln
(
v
2
)
0 0
 (4.18)
Therefore, the intrinsic curvature Rin of Q-zero hypersurface reads
Rin =
piTv(v2 − piTv3 − 8α− 24piTvα)− 2(v2(−1 + 2piTv(2 + piTv) + 8α(1 + 2piTv))) ln
(
v
2
)
pi
(
v2(piTv − 1) + 8α(1 + 3piTv)
)2
ln
(
v
2
)2
(4.19)
Note that the Ricci scalar in four-dimensions is related to the above curvature in three di-
mensions via Gauss-Codazzi relation. Before discussing about the case study, it seems useful
to identify the critical point for neutral GB-AdS black hole. With the help of the equation of
– 13 –
0 2 4 6 8 10
-4
-2
0
2
4
v
CPQαK
NTG
0 2 4 6 8 10
0
2
4
6
8
10
v
CPQαK
NTG
0 2 4 6 8 10
0.0
0.5
1.0
1.5
2.0
2.5
3.0
v
CPQαK
NTG
Figure 4. Diagram of specific heat (×106) and extrinsic curvature versus specific volume v for 4D
GB- AdS black hole. Form left to right we consider T = {0.0444, 0.0474, 0.0494} where Tc = 0.0474
for fixed value of electric charge Q = 0.5 and Gauss-Bonnet coupling α = 0.2.
state Eq. (4.5), the critical point in neutral GB-AdS is given by
Tc =
√
2
√
3− 3
6pi
√
2α
vc = 2
√
2α
√
3 + 2
√
3 Pc =
15− 8√3
288piα
(4.20)
and the ratio,
Pcvc
Tc
=
1
12
(6−
√
3) (4.21)
is slightly smaller than Van-der Waals ratio 3/8 [5]. In the reduced parameter space, the
equation of state (4.5) has the following form
Pˆ = (9− 4
√
3)
1
11vˆ4
+ 4(3
√
3− 4) Tˆ
11vˆ3
− 6(1 + 2
√
3)
1
11vˆ2
+ 4(6 +
√
3)
Tˆ
11vˆ
(4.22)
where the reduced pressure, temperature, and specific volume are defined by Pˆ = PPc , Tˆ =
T
Tc
,
and vˆ = vvc . More interestingly, this reduced state equation does not depend on α parameter.
Now one can identify the spinodal curve which satisfies (∂vˆPˆ )Tˆ = 0. Indeed, this curve
separates the metastable phase from the unstable phase, and the heat capacity and the scalar
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curvature diverge along this curve. Solving this condition, the spinodal curve has a below
compact form
Tsp =
3(2 +
√
3)vˆ2 −√3
3vˆ + (3 + 2
√
3)vˆ3
(4.23)
where
√
2−√3
4√3 < vˆ < 1 is for the small black hole spinodal curve, while vˆ > 1 is for the large
black hole spinodal curve (see left had side of Fig. 5) 2.
0 1 2 3 4 5
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0.8
1.0
1.2
v
T
R<0
R>0
0 2 4 6 8 10
0.1
0.2
0.3
0.4
0.5
v
T
Figure 5. Left: Spinodal curve of the four-dimensional neutral GB-AdS black hole, Right: The
sign-changing curve where the scalar curvature Rin changes its sign.
In Fig. 6, we have drawn the behavior of Rin and CP,α = CP,Q,α(Q = 0) for T > Tc,
T = Tc and T < Tc, respectively. When T > Tc, we observe three negative divergent points
where the fist happens at v = 2 generated from ln(v/2) in denominator of curvature. Moreover,
the other two points get closer with the increase of T . At the critical temperature T = Tc =
0.0571, these two divergent points merge to form a single divergence at v = vc = 3.215. More
importantly, in all figures, we observe a positive Rin near the region 0 < v < 2, which indicates
a repulsive interaction among the microstructure of the black hole system. This is in contrast
to the five dimensional (uncharged) case where the attractive interaction is dominant in the
microstructure of the black hole system [24] 3. In the right hand side of Fig. 5, we also plot
sign-changing curve of Rin. Below the sign-changing curve, Rin is positive, whereas above it,
Rin will be negative. It is clear that by increasing the temperature value, this positive region
shown in Fig. 6, disappears and the scalar curvature takes the negative values.
2 Because of the logarithmic correction term appeared in entropy, it may be hard to obtain an analytical
expression for the coexistence curve for 4D Gauss-Bonnet AdS black holes.
3This result is also confirmed in Ref. [60] when one calculates the intrinsic curvature for a α-constant
hypersurface in Q-zero manifold.
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Figure 6. Diagram of specific heat (×105) and intrinsic curvature (×104) versus specific volume v for
4D GB- AdS black hole. Form left to right we consider T = {0.0561, 0.0571, 0.0581} where Tc = 0.0571
for fixed value of Gauss-Bonnet coupling α = 0.2.
5 Conclusions
In this paper, we first have generalized the NTG formalism by considering other thermodynam-
ical potentials via Legendre transformations. This formulation yields a one-to-one correspon-
dence between heat capacity phase transitions and curvature singularities. Next we applied
the NTG geometry to study the critical behaviors of heat capacities when α and Λ (or l) don’t
have any variations in first law of thermodynamics. We found that the critical behavior of a
heat capacities on an explicit hypersurface can be explained by using intrinsic and extrinsic
curvatures of this hypersurface. By including the cosmological constant as a thermodynamic
pressure in the first law of black hole thermodynamics, we studied the thermodynamic phase
transition and NTG geometry of the four dimensional charged GB-AdS black hole. By setting
on Q-zero hypersurface, we studied phase transitions and the microstructure of a neutral 4D
GB black hole. More importantly, there is a positive intrinsic curvature, Rin, near the region
0 < v < 2, which indicates a repulsive interaction among the microstructure of the black hole
system. At high temperature, this region disappears and scalar curvature takes the negative
values, which indicates that only attractive interaction exists among the microstructures.
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A Bracket notation and Partial derivative
The partial derivative of functions with explicit form of n+ 1 variables can be defined by [20],(
∂f
∂g
)
h1,.....,hn
=
{f, h1, ..., hn}q1,q2,...,qn+1
{g, h1, ..., hn}q1,q2,...,qn+1
(A.1)
where all of f , g, and hn (n = 1, 2, 3, ...) are functions of qi, i = 1, ..., n + 1 variables and
{., ., .} is Nambu brackets which is defined as,
{f, h1, ..., hn}q1,q2,...,qn+1 = (A.2)
n+1∑
ijk....l=1
εijk...l
∂f
∂qi
∂h1
∂qj
∂h2
∂qk
...
∂hn
∂ql
In a simple case, when we consider only f , g, and h as explicit functions of (a, b), the above
formula reduces to (
∂f
∂g
)
h
=
{f, h}a,b
{g, h}a,b
(A.3)
where {., .} is Poisson bracket defined by
{f, h}a,b =
(
∂f
∂a
)
b
(
∂h
∂b
)
a
−
(
∂f
∂b
)
a
(
∂h
∂a
)
b
(A.4)
B Some of the other heat capacities
In this appendix, we can verify phase transition signals of some specific heats like,
CV,Q,α = T
(∂S
∂T
)
V,Q,α
= T
{S, V,Q, α}T,v,Q,α
{T, V,Q, α}T,v,Q,α = 0 (B.1)
and
CP,Φ,A = T
(∂S
∂T
)
P,Φ,A
= T
{S, P,Φ,A}T,v,Q,α
{T, P,Φ,A}T,v,Q,α (B.2)
= −
4pi2T ln
(
v
2
)(
(1 + 4piTv)(v2 + 8α) + 2(4Q2 + v2(piTv − 1) + 8α(1 + 3piTv)) ln
(
v
2
))
(1 + 4piTv)2
We find that there is no phase transition for the above heat capacities. This result can also be
satisfied by using NTG geometry. To do this, let us select Ξ = F = E − TS = M −PV − TS
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with coordinate Xi = (T, V,Q, α) in Eq. (2.1) which yields
gNTGF =
1
T

−FTT 0 0 0
0 FV V FV Q FV α
0 FQV FQQ FQα
0 FαV FαQ Fαα

=

CV,Q,α
T 2
0 0 0
0 2(3Q
2+v2(piTv−1)+8α(1+3piTv))
pi2Tv7
− 4Q
piTv4
−2+8piTv
piTv4
0 − 4Q
piTv4
2
Tv 0
0 −2+8piTv
piTv4
0 0

(B.3)
in which we find that its vanishing heat capacity CV,Q,α leads to gTT → 0 or gTT → ∞ and
so the metric is not invertible. As a simple trick to evaluate scalar curvature, we will treat
CV,Q,α as a constant with its value infinitely close to zero [22]. Therefore, we can obtain the
normalize the scalar curvature RN as
RNTGN = CV,Q,αR
NTG = −3 + 8piTv(2 + piTv)
(1 + 4piTv)2
(B.4)
Analogous with the charged AdS black hole, this normalized scalar curvature RN is indepen-
dent of α. Clearly, we observe R is always negative, which implies a attractive interaction
among the microstructure of the black hole system. Moreover, for constant T hypersurface
with normal vector nT =
√
CV,Q,α
T , the extrinsic curvature is
KNTGN =
√
CV,Q,αK
NTG = − 3 + 4piTv
(1 + 4piTv)
(B.5)
which manifests that there is no phase transition.
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